Thermodynamics is one of the fascinating branches of traditional physics to certify the occurrence of many natural processes. On the other hand, quantum theory is the most acceptable description of the microscopic world. In the present work, we have studied how the structure of quantum theory prohibits cloning or masking of several thermodynamic quantities, viz., work and energy stored in a quantum state. Our results have important consequences in quantum partial cloning, quantum masking and on the action of quantum channels.
I. INTRODUCTION
The laws of thermodynamics play a crucial role in characterizing the (im)possibility of executing a physical process. More precisely, any hypothetical process can be rejected if it is in disagreement with these laws. The first law is simply the energy conservation principle, whereas the second law specifies the direction of any spontaneous process [1] . On the other hand, the rich algebraic structure of quantum mechanics prohibits the execution of several information processing tasks [2] [3] [4] [5] [6] [7] [8] [9] [10] . The implication of these no-go theorems as a consequence of thermodynamic principles is a field of recent interest [11] [12] [13] [14] . For example, in [13] it is shown that Cirel'son bound of Bell-nonlocality (B Q ≤ 2 √ 2) for quantum correlations is deeply connected to the Landaure's principle of erasing information in thermodynamics. However, it is also interesting to ask what are the restrictions imposed by quantum mechanics itself in the context of thermodynamic quantities, viz., work, internal energy, free energy etc.? In other words, how the inherent algebraic structure of quantum theory characterizes thermodynamic (im)possibilities? In this paper we have studied whether "work" and "energy" stored in a quantum state can be cloned, split or masked.
Due to the presence of correlations in finite particle systems the obvious question arises about the validity of traditional thermodynamic laws in the quantum regime. It is found in the literature that these laws need to be modified in order to be relevant at the microscopic level [15] [16] [17] [18] [19] and to formulate an appropriate resource theory for the same [20] . The amount of extractable work is another issue of great interest in this domain. There are mainly three different kinds of quantities associated with extractable work of a quantum state, depending upon three different accessibility scenarios. First one quantifies the average amount of extractable work using single copy of the state under unitary op- * g.tamal91@gmail.com † aliphy80@gmail.com ‡ parashar@isical.ac.in erations [21] . This can be asymptotically extended using large number of copies, which transforms the initial state to the corresponding same entropic minimum energetic state [22] . Second one considers a single copy of a state along with a bath at lower temperature under the action of global unitary jointly on the system, bath and work qudit and transforms the system state to the bath state [23] . In the third case a single copy of the system state evolves unitarily with an assistance of a constant temperature bath to extract Renyi-0 free energy amount of work [24] , and as an asymptotic extension the extracted work is exactly equal to the difference in free energy of the initial and final state [17] . However, in this paper we are focusing on the first kind of work value stored in a quantum state. Access to single particle system prevents us to extract free energy amount of work from the closed quantum system for d ≥ 3 (which actually manifests the difference between first and last kind of extractable work) and leads to an idea of passive states [25, 26] that contains least energy for the given spectrum. The von Neumann entropy of a quantum system makes a connection between the information content and the amount of extractable work of the state. So it is interesting to ask whether the impossibility to clone the information content in a quantum state prohibits the copying of energy or work content of the state. Here we have shown that although it is possible to clone the amount of energy content for any arbitrary quantum state, cloning of the work content is strictly prohibited. We have also shown that cloning of an energy storage is equivalent to its broadcasting. As in classical thermodynamics, it is also possible for a quantum state to split its energy content in two distinct states in any arbitrary ratio. For this we shall use energy-preserving unitary operations following the resource theoretic framework of quantum thermodynamics. Another important question in this regime is regarding the gap between locally and globally extractable amount of work. This quantity namely the ergotropy gap plays a significant role in certifying quantum entanglement present in a bipartite system [27, 28] . In the extreme case of non-zero ergotropy gap the locally extractable work is zero whereas the global work is non-zero. This means the work is actually masked in the correlations of the bipartite system. We have shown that for a restricted class of states, it is possible to mask the work content of a quantum system in bipartite correlations without any thermodynamic cost. However, in general there is no universal work masking unitary, even if we allow some thermodynamical cost for its implementation.
II. PRELIMINARIES

A. Evolution of the quantum state
A general quantum state in the operator space over d-dim Hilbert space can be written as
where r k 's are the Bloch vector components and σ k 's are the generalized Pauli matrices obeying Tr[σ j σ k ] = δ jk and [σ j , σ k ] = iǫ jkl σ l , with ǫ jkl as the structure constants of the SU(d) algebra. In a similar fashion one can define the generalized Hamiltonian as
Without loss of generality it is possible to fix the Hamiltonian axis along any of the chosen generalized Pauli matrix. Mathematically,
where the d-eigenvectors of σ k denote the energy eigenstates corresponding to the energy eigenvalues of the Hamiltonian. The time evolution equation for the quantum state ∂ρ ∂t = − ī h [H, ρ] can be visualized as a rotation along the σ k axis [29] . Consider the unit Bloch Ball representation corresponding to the qubit state space (see Fig1) . For this case, if we associate a three dimensional vector ρ with any operator ρ on the corresponding Hilbert space as ρ = 1 2 (r x , r y , r z ) T (without the co-efficient of I), then clearly the operator −i[H, ρ] has the vector representation as (ǫ jk1 n j r k , ǫ jk2 n j r k , ǫ jk3 n j r k ) T ≡ H × ρ. Hence the evolution equation takes the vector form ∂ ρ ∂t ∼ H × ρ. This is analogous to the rotational mechanics, in the sense that the position vector (here ρ) rotates around angular velocity vector ( H) to generate its time evolution, i.e., the velocity ( ∂ ρ ∂t ).
B. Energy of a quantum state
The amount of energy stored in a quantum state is given by E(ρ) = Tr(ρH) which can be simplified as ρ H Figure 1 . (Color on-line) Time evolution of a pure state vector ρ along the circular path about the vector H is depicted on the surface of the Bloch Sphere. All the states residing on the disk will have constant energy.
k=1 r k n k ) due to the traceless nature of all the generalized Pauli matrices. However, using the simplified form in Eq.(2) the energy will be
Hence the energy of a quantum state ρ in R d 2 −1 Bloch ball is the projection of ρ along the H direction. It is clear that Eq.(3) puts a constraint on the d 2 − 1 free parameters of a general qudit state. Hence, all the d-dimensional quantum states having same energy is lie on a d 2 − 2 dimensional hyperplane inscribed in a R d 2 −1 Bloch ball. It is easy to show that the constant energetic hyperplane inscribed inside the generalized Bloch ball is convex in nature. More precisely, if the d−dimensional quantum states ρ and σ both have equal amount of energy, i.e., Tr(ρH) = Tr(σH) = E, then for any τ = pρ + (1 − p)σ, where 0 ≤ p ≤ 1, the energy of τ can be written as,
This exhibits the convex structure of equi-energetic quantum states. However, it is worth noticing that another important thermodynamic quantity, the free energy of a quantum state, involves both energy and entropy, where the latter prevents the set of states with equal free energy to be convex in nature. In Fig.1 states having same energy lie on the entire hyperplane whereas states of equal free energy reside only on the boundary of the hyperplane.
C. Extraction of work
Work extraction from a quantum state is a subject of primary focus in thermodynamics. When the concerned system is isolated from the universe, the time evolution of the operator expectation value, i.e.,
demands that the energy of the state evolving under time independent Hamiltonian should be preserved. However, the action of a properly chosen time varying potential V(t) can lower its energy. Obviously the evolution is unitary as the applied potential acts only on the system state. So the time dependent Hamiltonian can be written as,
under which the state will evolve to reach the corresponding passive state. If the spectral form of the Hamiltonian is given by H = ∑ n k=1 ǫ k |k k|, then for the state ρ = ∑ n k=1 p k |ψ k ψ k | the passive form will be ρ p = ∑ n k=1 p k |k k|, where {p k } n k=1 is the probability distribution arranged in non increasing order. Due to the action of V(t), the state vector ρ evolves around the vector H ′ and when at t = τ it reaches the corresponding passive state vector ρ p the external potential V(t) gets switched off. A simple calculation exhibits that the extraction of work in this process is given by 
The rotation will occur on the surface of a smaller sphere of radius exactly equals to that of ρ to certify the evolution as a unitary. At time τ, state ρ reaches to ρ p and as a result energy difference amount of work can be extracted.
III. CLONING AND SPLITTING OF ACTIVITY AND ENERGY CONTENTS
The amount of extractable work for any arbitrary quantum state characterizes the amount of energy stored in the state with respect to the state of minimum energy with identical spectrum. In the R 3 Bloch ball representation all the states residing on the circumference of any circle (we call it the circle of equal work) of the plane perpendicular to the Hamiltonian axis and centering the axis itself, possess equal work content. Theorem 1. There is no universal work cloner for arbitrary quantum states.
Proof. Here we will show that the existence of a work cloning device for three different quantum states leads to a violation of the no-signaling principle. Although, our proof involves C 2 Hilbert space it can be extended easily for arbitrary dimensional quantum states. To prove the above theorem, let's consider a device D which can clone the extractable work for atleast three pure qubits, namely |0 , |1 and |+ = |0 +|1 √ 2
. Now we will consider a bipartite scenario where a singlet state |ψ − is shared between two distant parties Alice and Bob. If Alice measures her qubit in any arbitrary basis then the reduced state of Bob's particle remains unaltered (i.e., I 2 ). However, if Bob's state changes with Alice's measurement choice, then he can measure his qubit and guess Alice's measurement with fidelity greater than 1 2 , which leads to the superluminal transmission of information.
But the situation is different if Bob has access to the work cloning device D. Suppose Alice measures her qubit in σ z basis. As a result Bob's reduced marginal will be ρ 1 = 1 2 |0 0| + 1 2 |1 1|. Now the action of D on |0 , or |1 will be exactly like cloning, as for these two states their circle of equal work is a unique point. So, after the action of D on Bob's side, the state becomes
On the other hand, if Alice makes a σ x measurement on her qubit, Bob's state will be ρ 2 = 1 2 |+ +| + 1 2 |− −|. Now, the action of D on |+ will be D :
For our analysis, the action of D on |− −| is not required. However, independent of ρ (but due to the fact that ρ ≥ 0), it is evident that due to the presence of other diagonal terms σ 2 = σ 1 . As a consequence it is possible for Bob to choose a proper measurement setting to discriminate optimally between these two states. This would imply the violation of no-signaling principle. Hence it is impossible to clone the amount of extractable work for arbitrary quantum states.
However, it is possible to clone the energy content of a quantum state without maintaining its spectrum i.e., the entropy. Proposition 1. For any arbitrary quantum state with a given Hamiltonian, it is possible to clone its energy content.
Proof. Given any arbitrary quantum state ψ we can write it in a linear combination of energy eigen-basis. Explicitly, |ψ = ∑ d k=1 c k |k , where {|k } d k=1 are the orthonormal energy eigen-basis. Hence there obviously exists a universal cloner U for this set of states, i.e., U |k |0 = |k |k .
The action of the global unitary can be written as
The reduced marginal of this state after the evolution will be ρ A = ρ B = ∑ d k=1 |c k | 2 |k k|. Evidently, the energy corresponding to the marginals is given by ∑ d k=1 |c k | 2 ǫ k , where ǫ k 's are the energy eigen-values corresponding to the Hamiltonian H A and H B . This is exactly equal to the energy of the initial state |ψ . The same unitary can clone the energy of any other quantum state also, in this sense U is a universal energy cloner.
It is interesting to note that due to the energycloning possibilities of arbitrary pure quantum states, the same is true for their convex combinations also. Precisely, consider a quantum state ρ = p|ψ 1 ψ 1 | + (1 − p)|ψ 2 ψ 2 | and apply the same unitary U on the composite quantum state ρ ⊗ |0 0|. The marginal states given by ρ 1 
i | 2 ]E i , which is exactly equal to the energy stored in the initial quantum state ρ.
In [30] it was shown that the information content of a single qubit can not be split in two different qubits. In other words, it is impossible to encode the information of a qubit contained in θ and φ in two different qubits simultaneously. As a consequence, from the thermodynamic perspective we can ask whether it is possible to split the energy content of a d-dimensional quantum state in two different qudits with arbitrary fraction? Obviously the action should be under an energy preserving unitary. In the following we will design such a unitary.
Proposition 2. For any d-dimensional quantum state, energy-splitting is possible with any arbitrarily chosen fraction.
Proof. Consider any arbitrary quantum state |ψ = ∑ d−1 k=0 c k |k governed by the Hamiltonian H = ∑ d−1 k=1 ǫ k |k k| (scaling the ground state energy to be zero). Therefore, the energy corresponding to the quantum state |ψ is ∑ d−1 k=1 |c k | 2 ǫ k . Now, in order to split the energy content of |ψ into two different qudits in the ratio {p, (1 − p)}, we choose the unitary action U |k0 = √ p |k0 + 1 − p |0k .
. Hence, the energy for the system and ancillary qudit are E S = Tr(ρ S H) and E A = Tr(ρ A H) respectively, where ρ S(A) is the final reduced system (ancillary) state. It is easy to observe that
Hence energy of the quantum state is split up in the required ratio.
IV. WORK MASKING
In quantum thermodynamics the difference between local and global extractable work termed as ergotropic gap plays a significant role in identifying the structure of a quantum state shared between its constituents. In particular, it is shown that separability of a bipartite quantum state invokes an upper bound on this quantity [28] . The importance of those bipartite states for which local marginals are passive has also been studied. In this context, we ask the question whether it is possible to mask the work content of any arbitrary quantum state within the correlations of its bipartite extension. More precisely, given any arbitrary quantum state |ψ along with a machine state, is it possible to design a unitary action such that the final bipartite state is locally passive in nature? We can also ask about the existence of a general quantum operation to perform the same work masking.
Lemma 1.
There is no universal work masking unitary which is energy preserving in nature.
Proof. We will demonstrate the proof for qubit case since the extension to higher dimensions is easy. Let's consider a pure qubit |ψ = α |0 + β |1 and be a machine state |0 of the same system. The energy preservation criterion on the global unitary demands |00 → |00 , where within the |.. symbol, the first one denotes the system particle and the second one as the machine state.
Similarly, the action on |10 will be in general, |10 → (a |00 + b |01 + c |10 + d |11 ). Now, the inner product preservation of the unitary demands a = 0, which due to the energy preservation criterion implies that d = 0. So action of the unitary will be U |00 = |00 and U |10 = (b |01 + c |10 ). But for the final state produced under this operation, the marginals will have non-vanishing coherence in energy eigen basis, which will prevent them to be passive in nature.
It remains open to identify the class of states for which the work masking is possible under energy conserving unitary evolution. For those states which are diagonal in energy eigen basis, it is possible to mask their energy in the correlation they will share in bipartite extension. In the following we will construct a unitary to do so. Proposition 3. For any arbitrary mixed state diagonal with the governing equally spaced Hamiltonian, it is possible to mask its work content in the bipartite extension.
Proof. For any arbitrary d-dimensional quantum system governed by the linear Hamiltonian H = ∑ d−1 k=0 kǫ|k k| we can construct a unitary acting globally on the system and machine state |0 of same dimension as follows U : |k0 → |0k +|1(k−1) +...+|k0
√ k+1
, ∀ k ∈ {0, ..., (d − 1)}. It is easy to check that the action of this unitary is energy preserving. Now let us consider the state ρ = ∑ d−1 k=0 C k |k k|, diagonal in energy basis, such that U(
). Due to the symmetric nature of the global system reduced marginals will be identical and given by σ =
. From the expression of p k , evidently p k+1 ≤ p k , whereas the energy corresponding to these two levels is such that ǫ k+1 ≥ ǫ k , thereby making the local marginals passive. It is obvious that due to the energy preserving constraint of the acting unitary, the work content of ρ will be transferred to the final correlation between the system and and machine state.
In the above we have shown using energy conserving unitary that it is not possible to mask the work content for an arbitrary quantum state. However for those states which are diagonal in the energy eigen basis it is possible to mask. Trivially we can extend this result for any arbitrary quantum state diagonal in a given basis, by transforming that basis in the energy eigen basis under unitary evolution. Theorem 2. There is no universal work masking unitary.
Proof. We will prove the above statement for qubits which can be extended for higher dimensions. So, we want to prove the impossibility for the existence of a global unitary, U, such that, ∀ |ψ ∈ C 2 , U |ψ S |0 A = |Ψ SA and ρ S/A = Tr A/S (|Ψ Ψ|) is passive in nature. The condition for local passivity restricts the local marginals to be diagonalized in energy eigen basis [25] . Furthermore, for the bipartite state |Ψ SA , the marginals will be of same eigen values, so the expected form for |Ψ SA is either, c |00 + d |11 , or c |01 + d |10 . However, the last one can be excluded, otherwise both the marginals can not be passive except for |c| = |d| = 1
So, the action on an arbitrary |ψ = a |0 + be iφ |1 will be,
where in general c andφ are functions of both a and φ. Local passivity of the final joint state demands that 1 2 ≤ |c| 2 ≤ 1. The action of same unitary on |ψ ⊥ |0 will be U |ψ ⊥ |0 = |Ψ ⊥ , where |Ψ ⊥ = −d |00 + e iφ c |11 . It is obvious that the local marginals for |Ψ ⊥ have exactly been flipped with respect to those of |Ψ . Therefore, both of them can not be locally passive simultaneously which implies that there is no universal work masking unitary.
Corollary 2.1. No qubit channel can map both the system and ancillary qubit along two Bloch radii.
Proof. Let us suppose that there exists a joint unitary V acting on both the system and ancillary qubit as, Proof. Quantum no masking theorem [4] , which has a connection to the impossibilities of (2, 2) secret sharing in [31] , states that it is impossible to construct a unitary U such that U |ψ
SA |], ∀ k , i.e., the quantum information of an arbitrary quantum state can not be masked in the correlations of extended bipartite system. However, Theorem 2 and Corollary 2.1 imply that it is impossible to mask the qubit along two Bloch radii in its bipartite extension. Hence quantum no masking turns out as an obvious consequence of our result.
Corollary 2.3. Existence of non-unitary work masker on the system-machine qubits.
Proof. The general action on the system and the machine state will be a CPTP map, which can be visualized as a reduced dynamics obtained from the action of a global unitary on the system, machine and some additional ancillas. To prove the generic existence of such a work masker, let us consider a global unitary U |0 S |0 ⊗3 A = |φ + ⊗2 and U |1 S |0 ⊗3 A = |φ − ⊗2 , such that, U(a |0 + b |1 ) S |0 ⊗3 A = (a |φ + ⊗2 + b |φ − ⊗2 ) SA . Now a simple calculation can show that the marginals of joint state for each particles is I 2 , irrespective of the values of a and b. Hence the amount of work stored in the system is completely masked in the correlations shared among its constituents. This protocol can be easily related to error correcting codes [32, 33] .
V. CONCLUSION
In summary, we have tried to characterize the impossibilities of certain thermodynamic operations in the quantum domain. More formally, several information theoretic no-go results in quantum theory are reformulated in terms of thermodynamic quantities to study their status from the perspective of quantum theory. Just like cloning of an unknown quantum state, copying its work content (which means a constraint equation on the parameters of the arbitrary quantum state) is also forbidden. This is one particular case of quantum partial cloning in the sense that between the qubit parameters (θ, φ) the information in θ can not be cloned. Further, it is interesting to characterize the parametric class of a general quantum state which can be cloned without disturbing any other fundamental principles. Although classical theory also exhibits no cloning, in the sense that given a single realization of a random variable it is impossible to figure out the probability distribution corresponding to that variable, classical broadcasting is possible. However, this opens up the possibility to clone the energy content of a given quantum state, which we have studied in Proposition 1. Furthermore, we have shown the impossibility of masking the work content of a quantum state, and it is observed that quantum no masking principle follows as an obvious consequence of it. Besides, the certainty to achieve the work masking with atleast four parties can be obtained from error correcting codes. It should be mentioned that our last theorem has some relevance from the perspective of qubit channels. More precisely, qubit channels can map the Bloch sphere to other different smooth convex regions inscribed inside the Bloch sphere itself [34] . However if we consider the dynamics of not only the system but also of the environment state, our result invokes a restriction on these allowed regions. Therefore, another direction of future study would be to modify the allowed domains of quantum channels while keeping a track of the evolved ancilla. Although our results deal with a particular kind of work stored in a quantum state, it opens up the possibilities to study other kinds of work as mentioned in the introduction. Furthermore, it is interesting to establish a connection of our results with some of the already existing physical principles, which may help to interpret these prohibitions from more fundamental perspectives.
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